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BIQUADRATIC FIELDS HAVING A NON-PRINCIPAL EUCLIDEAN
IDEAL CLASS
JAITRA CHATTOPADHYAY AND SUBRAMANI MUTHUKRISHNAN
Abstract. H. W. Lenstra [7] introduced the notion of an Euclidean ideal class, which
is a generalization of norm-Euclidean ideals in number fields. Later, families of number
fields of small degree were obtained with an Euclidean ideal class (for instance, in [3] and
[6]). In this paper, we construct certain new families of biquadratic number fields having
a non-principal Euclidean ideal class and this extends the previously known families given
by H. Graves [3] and C. Hsu [6].
1. Introduction
Let K be an algebraic number field and OK be its ring of integers. Following the standard
notations, let dK , ClK , hK and O∗K be the discriminant, the ideal class group, the class
number and the multiplicative group of units of K, respectively. For an integral ideal I of
OK , Nm(I) denotes its norm and [I] stands for its ideal class. The class group ClK and
its size hK , which are invariants associated with K, play a central role in number theory.
As a consequence, we value results that shed light on ClK and hK .
An integral domain R is said to be an Euclidean domain if there exists a function φ : R→
N ∪ {0} such that for every α, β 6= 0 ∈ R, there exists γ ∈ R such that φ(α− βγ) < φ(α).
One of the classical problems in algebraic number theory is to classify all number fields
which are Euclidean with respect to the absolute value of the standard norm map. By
multiplicatively extending the norm map Nm from OK to K \ {0}, the above definition
can be written as follows: for every x ∈ K\{0} there exists α ∈ OK such thatN(x−α) < 1.
In 1979, H.W. Lenstra [7] made a crucial observation and generalized the aforementioned
definition. He defined an integral ideal C to be norm-Euclidean if for every x ∈ K \ {0}
there exists α ∈ C such that N(x− α) < 1.
Further, he generalized the notion of norm-Euclidean ideals as follows.
Definition 1.1. [7] Let R be a Dedekind domain and I be the set of all fractional ideals
containing R. A fractional ideal C of R is said to be an Euclidean ideal if there exists
a function ψ : I → W , for some well-ordered set W , such that for all I ∈ I and all
x ∈ I−1C \ C, there exists some y ∈ C such that
ψ((x− y)I−1C) < ψ(I). (1)
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Lenstra proved that if C is an Euclidean ideal, then every ideal in the ideal class [C] is
also Euclidean. Thus we can unambiguously define Euclidean ideal classes.
It is a well known fact that if OK is Euclidean, then its ideal class group ClK is trival
[8]. Likewise, if OK has an Euclidean ideal class then ClK is cyclic (Theorem 1.6, [7]).
More precisely, if OK has an Euclidean ideal class [C] then ClK is a cyclic group and
[C] generates ClK . However, the converse is not always true, for Q(
√−d) for d =
19, 23, 24, 31, 35, 39, 40, 43, 47 has no Euclidean ideal class even though ClK is cyclic (Propo-
sition 2.1, [7]).
Thus to classify all number fields in which the converse holds true is an intriguing problem
and was addressed by Lenstra [7]. He proved under the assumption of the generalized
Riemann Hypothesis (GRH), that all number fields with cyclic class group, except for the
imaginary quadratic fields, have an Euclidean ideal class. In other words, if rank(O∗K) ≥ 1,
then OK has an Euclidean ideal class if and only if ClK is cyclic, assuming the GRH for
number fields.
H. Graves proved a useful growth result for certain algebraic number fields, which removed
the appeal to GRH [4]. We state the precise statement below, which will be necessary in
the course our proof.
Theorem 1.2. [4] Suppose that K is a number field such that |O∗K | =∞, and that C is a
non-zero ideal of OK . If [C] generates the class group of K and
|{prime ideal ℘ ⊂ OK : N(℘) ≤ x, [℘] = [C], pi℘ is onto }| ≫ x
(log x)2
,
where pi℘ is the canonical map from O∗K to (OK/℘)∗, then [C] is an Euclidean ideal class.
Using this growth result Ram Murty and Graves removed GRH for large class of number
fields [5]. The precise statement is as follows.
Theorem 1.3. Let K be a number field that is Galois over Q and has cyclic class group.
If its Hilbert class field H(K) has abelian Galois group over Q and if rank (O∗K) ≥ 4, then
ClK = 〈[C]〉 if and only if [C] is an Euclidean ideal class .
Using her growth result, Graves [3] constructed an explicit number field, viz. Q(
√
2,
√
35),
having a non-principal Euclidean ideal class. In this paper, we generalize this work and
construct a new family of quartic fields of the form Q(
√
2,
√
p1p2) which has a non-principal
Euclidean ideal class. The precise statement is given at the end of this section. It is
worthwhile to note that the quartic field of the form Q(
√
2,
√
p1p2) has unit rank 3.
In [6], Hsu explicitly constructed a family of biquadratic and cyclic quartic fields with unit
rank 3 having an Euclidean ideal class, described below.
Theorem 1.4. [6] Suppose K is a quartic field of the form Q(
√
q,
√
kr). Then K has
a non-principal Euclidean ideal class whenever hK = 2. Here the integers q, k, r are all
primes ≥ 29 and are all congruent to 1 (mod 4).
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In this article we shall provide new families of number fields each having an Euclidean
ideal class. This produces a new class of number fields other than the ones constructed by
H. Graves [3] and C. Hsu [6]. Our main theorems are stated as follows.
Theorem 1.5. Let K1 = Q(
√
q,
√
kr), where q ≡ 3 (mod 4) and k, r ≡ 1 (mod 4) are
prime numbers. Suppose that hK1 = 2. Then K1 has an Euclidean ideal class.
Theorem 1.6. Let p, q be two prime numbers with p, q ≡ 1 (mod 4). Then the biquadratic
field K2 = Q(
√
2,
√
pq) with hK2 = 2 has an Euclidean ideal class.
It is efficacious to note at this point that combining Hsu’s result with the Theorem 1.5
above, we get a much larger class of biquadratic fields having an Euclidean ideal class.
More precisely,
Theorem 1.7. Let K = Q(
√
p,
√
qr), where p is any rational prime and q, r ≡ 1 (mod 4)
are prime numbers. If hK = 2, then K has an Euclidean ideal class.
This article is organized as follows. In section 2, we recall some standard preliminary
results. Section 3 contains the computation of conductor and Hilbert class fields of certain
biquadratic fields. The proof of the main theorems are presented in section 4. Finally, we
list the class numbers of some of the biquadratic fields of our interest in section 5 and the
table provides numerous examples of such fields with class number two.
2. Preliminaries
Let K/Q be a finite Galois extension with Galois group G. If G is abelian, then by the
famous Kronecker-Weber theorem, K ⊆ Q(ζm) for some positive integer m. The smallest
such integer m is called the conductor of K. The following well known Proposition, which
will be occasionally used in the next section, provides the conductor of real quadratic fields.
Proposition 2.1. The real quadratic field Q(
√
m) has conductor m if m ≡ 1 (mod 4) and
4m if m ≡ 2, 3 (mod 4).
For our purposes of this article, we recall a couple of standard results from class field
theory. For that, we start with the following proposition.
Proposition 2.2. [1] Let L/K be a Galois extension of number fields with Galois group
G. Let p be a non-zero prime ideal in OK which is unramified in L and let P be a prime
ideal in OL lying above p. Then there is a unique element σ ∈ G such that for all α ∈ OL,
we have
σ(α) ≡ α|OK/p| (mod P).
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Definition 2.3. The unique element σ in Proposition 2.2 is called the Artin symbol and
is often denoted by
(
L/K
P
)
.
Remark: Suppose P1,P2, . . . ,Pg be all the primes in OL lying above p. For τ ∈ G, we
have, (
L/K
τ(Pi)
)
= τ
(
L/K
Pi
)
τ−1 for all i.
Since G acts transitively on {P1,P2, . . . ,Pg}, the set
{(
L/K
Pi
)
: i = 1, 2, . . . , g
}
is a con-
jugacy class in G. Thus by
(
L/K
p
)
, we unambiguously mean this conjugacy class.
Next, we define the Dirichlet density of a set of prime ideals as follows.
Definition 2.4. [1] Let K be a number field and let S be a set of prime ideals in OK . The
Dirichlet density of the set S is defined to be
δ(S) = lim
s→1+
∑
p∈S
N(p)−s
− log(s− 1) ,
provided the limit exists. Here, N(p) stands for the quantity |OK/p|.
Now, we are in a position to state the Chebotarev density theorem, that goes as follows.
Theorem 2.5. (Chebotarev density theorem) Let L/K be a finite Galois extension of
number fields with Galois group G and let C be a conjugacy class in G. Then the Dirichlet
density of the set{
prime ideal
p in OK : p is unramified in L and
(
p
L/K
)
= C
}
exists and equals
|C|
[L:K]
, where
(
p
L/K
)
is the Artin symbol of p.
Finally, we state the following consequence of the Artin reciprocity law.
Lemma 2.6. Let K be a number field and let H(K) be its Hilbert Class field i.e., H(K) is
the unique maximal, unramified, abelian extension of K. Then the Galois group of H(K)
over K is isomorphic to ClK .
Alternatively, the Hilbert class field H(K) of K is the unique maximal, abelian extension
of K such that the principal prime ideals of K split completely in H(K).
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3. Computations for conductors and Hilbert class fields
The construction of the Hilbert class field of a number field is almost a century old classical
problem. We are interested in the explicit construction of Hilbert class fields for certain
family of biquadratic fields as these computations are essential to the proof of our main the-
orems. As mentioned, the conductors for biquadratic fields of the form K = Q(
√
q,
√
kr),
where q, k and r are primes, can be obtained by the following elementary arguments.
Lemma 3.1. Let L/K be an extension of number fields. Assume that L/Q is a Galois
extension and it is abelian. Then f(K) divides f(L), where f(K), f(L) stands for the
conductors of K and L, respectively.
Proof. Let G be the Galois group of the extension L/Q. As G is abelian, the fundamental
theorem of Galois theory implies thatK/Q is also an abelian extension. Thus the conductor
of K is well-defined.
Since K ⊆ L ⊆ Q(ζf(L)) and f(K) is the smallest positive integer such that K ⊆ Q(ζf(K)),
we have
K ⊆ Q(ζf(K)) ⊆ Q(ζf(L)).
Since ζf(L) is a primitive root of unity and Q(ζf(K)) ⊆ Q(ζf(L)), we get that f(K) divides
f(L).

The next lemma, which will often be helpful to us, provides the conductor of the composi-
tum of two number fields in terms of those of the constituent fields.
Lemma 3.2. Let L be an abelian number field and let K1, K2 be two subfields of L such that
L is the compositum of K1 and K2. Then f(L) = lcm(f(K1), f(K2)), where f(K1), f(K2)
and f(L) are the conductors of K1, K2 and L, respectively.
Proof. Consider the following tower of number field extensions.
Q
K1 K2
Q(ζf(K2))Q(ζf(K1)) L
Q(ζf(L))
(Fig. 3.1)
Since K1 and K2 are subfields of an abelian extension L/Q, by Lemma 3.1, f(K1) divides
f(L) and f(K2) divides f(L). Therefore, lcm(f(K1), f(K2)) divides f(L).
On the other hand, using the following facts that
L = K1K2 ⊆ Q(ζf(K1))Q(ζf(K2)) = Q(ζlcm(f(K1),f(K2))
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along with the minimality of the conductor implies that Q(ζf(L)) ⊆ Q(ζlcm(f(K1),f(K2)).
Thus f(L) divides lcm(f(K1), f(K2)) and hence f(L) = lcm(f(K1), f(K2)).

Lemma 3.3. The conductor f(K) of K = Q(
√
q,
√
kr) is 4qkr, where q, k, r are primes
such that q ≡ 3 (mod 4) and k, r ≡ 1 (mod 4).
Proof. Let K1 = Q(
√
q) and K2 = Q(
√
kr) be two quadratic fields. By Proposition 2.1,
we have f(K1) = 4q and f(K2) = kr. As K = K1K2, we get by Lemma 3.2,
f(K) = lcm(f(K1), f(K2)) = 4qkr.

We now use Lemma 3.3 to find the Hilbert class field of the biquadratic fields considered
above.
Lemma 3.4. Let K = Q(
√
q,
√
kr), where q, k and r are prime numbers satisfying q ≡ 3
(mod 4) and k, r ≡ 1 (mod 4). If K has class number two, then the Hilbert class field
H(K) is Q(
√
q,
√
k,
√
r).
Proof. Let K ′ = Q(
√
q,
√
k,
√
r) be a number field, where q, k, r are defined as above. By
applying Lemma (3.3) twice, we get f(K ′) = lcm(f(K1K2), f(K3)) = lcm(4qk, r) = 4qkr.
Now, we are ready to compute the Hilbert class field of K. Artin reciprocity law gives (by
Lemma (2.6)), Gal(H(K)/K) ≃ ClK .
By our assumption on the has class number ofK, the Hilbert class fieldH(K) is a quadratic
extension of K. Therefore, it is sufficient to prove that K ′ is an unramified extension of K.
From the tower of number fields, we have
Q ( K ( K ′ ( Q(ζ4qkr).
Thus, the prime ideals in K lying above 2, q, k and r may ramify K ′. In fact, we prove
that all such prime ideals are unramified for K ′ over K.
We first prove this for the rational prime 2. Let L1 = Q(
√
k,
√
r) and let p1, p2, p3 and p4
be primes in L1, K, K
′ and Q(ζ4qkr) respectively, all lying above 2 and the containments
are indicated in the diagram below.
Since k, r ≡ 1 (mod 4), the prime 2 is unramified in Q(√k) and Q(√r) and so in the
compositum L1 i.e., e(p1|2) = 1. And, since q ≡ 3 (mod 4), 2 is ramified in Q(√q). As
Q(
√
q) ⊆ K ⊆ K ′, we have e(p2|2) > 1 and e(p3|2) > 1.
From the multiplicativity of the ramification indices, we get,
1 < e(p3|2) = e(p3|p1)e(p1|2) ≤ 2 · 1.
Thus, e(p3|2) = 2 and e(p2|2) = 2 and hence e(p3|p2) = e(p3|2)e(p2|2) = 1. That is, p3 is unramified
over p2.
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Q
L1K
K ′
Q(ζ4qkr)
2
p1p2
p3
p4
(Fig. 3.2)
By a close examination of the arguments given above, we immediately see that just by
replacing 2 with q, we get the unramifiedness for the prime q.
For the other two primes, viz, k and r, the proof goes through ad verbatim. That is, we
simply need to replace L1 by L2 = Q(
√
q,
√
r) for the prime k and L1 by L3 = Q(
√
k,
√
q)
for the prime r. Thus all the prime ideals in K lying above the rational primes q, k and r
are unramified in K ′. Hence, the Hilbert class field H(K) = K ′ = Q(
√
q,
√
k,
√
r). 
Next, we turn our attention to compute the conductor and the Hilbert class field of a class
of biquadratic fields which is slightly different from the one we discussed above. The proof
of the following lemmas are similar, but still we present it again to make it complete.
Lemma 3.5. Let K2 = Q(
√
2,
√
pq), where p, q are rational primes with p, q ≡ 1 (mod 4).
Then the conductor f(K2) of K2 is 8pq.
Proof. It is an application of Lemma (3.3). 
Lemma 3.6. Let K2 = Q(
√
2,
√
pq), be the biquadratic field as in the above lemma. If the
class number hK2 of K2 is 2, then the Hilbert class field H(K2) of K2 is Q(
√
2,
√
p,
√
q).
Proof. By close examination of the extension of number fields, the proof is similar to the
proof of the Lemma (3.4). But, it is crucial to note that the prime 2 is ramified in K2.
Therefore, we only sketch a proof of unramification of primes in K2 lying above 2. Let
K ′′ = Q(
√
2,
√
p,
√
q). Using our standard arguments, we can prove that K ′′ has conductor
8pq. Since K2 has class number 2 and K
′′/K2 is a quadratic extension, the Hilbert class
field of K2 is equal to K
′′ provided that K ′′/K2 is an unramified extension.
As K ⊆ K ′′ ⊆ Q(ζ8)Q(ζp)Q(ζq) = Q(ζ8pq), we only need to take care of the ramification of
the primes 2, p and q. Since the argument is similar for all the primes exactly like in the
previous Lemma 3.5, we just outline it for the prime 2.
The prime 2 is unramified in Q(
√
p,
√
q) and it is ramified in Q(
√
2). In other words,
e(p2|2) = 1 and e(p1|2) = 2. Therefore,
1 < e(p4|2) = e(p4|p2) · e(p2|2) = e(p4|p2) ≤ 2
and hence e(p4|2) = 1. Finally, e(p4|p3) = e(p4|2)e(p3|2) = 1, that is, 2 is unramified in K ′′ over
K2.
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4. Proof of the main theorems
4.1. Proof of Theorem (1.5). The main strategy of our proof is to find an arithmetic
progression modulo the conductor, suitable enough to apply the growth result as in the
Theorem (1.2) by Graves. That is to show that the number of prime ideals ℘ belonging to
the non-principal ideal class with norm less than or equal to x and a unit generating the
group (OK/℘)∗ is ≫ x/ log2 x.
We first recall the following result as pointed in [3], which is crucial to fulfill our goal.
Theorem 4.1. [3] Let K be a totally real number field with conductor f(K) and let
{e1, e2, e3} be a multiplicatively independent set contained in O∗K . If l = lcm(16, f(K)),
and if gcd(u, l) = gcd(u−1
2
, l) = 1 for some integer u, then
∣∣{primes ⊆OK
of degree one : N(℘) ≡ u (mod l), N(℘) ≤ x, 〈−1, ei〉։ (OK/℘)∗
}∣∣≫ x
(log x)2
,
for at least one i.
Since we confine ourself to totally real quartic fields, by the previous theorem, we have
enough number of prime ideals in the field satisfying the growth result [3], but we need
them to be in the non-principal ideal class. Here is the place where the construction of the
Hilbert class field is crucial.
Proof of Theorem (1.5): Let K1 = Q(
√
q,
√
kr) be a biquadratic field as in the Lemma
(3.3) which is totally real with signature (4, 0). The field K1 has the unit rank 3, and
therefore, there exists a multiplicatively independent set consisting of 3 elements.
We first claim the following:
There exists an integer u such that whenever p ≡ u (mod 4qkr), f(p|p) = 1
and f(℘|p) = 2 hold true. (2)
Here, f(p|p) and f(℘|p) are the residual degrees of the primes p and ℘ in K1 and H(K1)
respectively, both lying above p.
The proof of our claim goes as follows. Let
(
p
K1/Q
)
and
(
p
H(K1)/Q
)
be the Artin
symbols of the prime p in the number fieldK1 and its Hilbert class fieldH(K1), respectively.
Consider the following two sets of prime numbers in Z, namely,
XK1 =
{
p : p is prime and
(
p
K1/Q
)
= 1
}
,
and
XH(K1) =
{
p : p is prime and
(
p
H(K1)/Q
)
= 1
}
.
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The containment of the sets K1 ⊆ H(K1), implies that a prime p splits completely in K1
whenever it splits completely in H(K1). Therefore, XH(K1) ⊆ XK1.
Since both the groups Gal(K1/Q) and Gal(H(K1)/Q) are abelian, the identity element
itself constitutes a conjugacy class. So, by Theorem (2.5), the Dirichlet densities of the
sets XK1 and XH(K1) are
1
4
and 1
8
, respectively. Since XH(K1) ⊆ XK1 , the Dirichlet density
of the difference XK1 \XH(K1) is 14 − 18 = 18 . In particular, the set XK1 \XH(K1) is infinite
and thus any of its element can serve our purpose. Understanding the set XK1 \ XH(K1)
more closely will be convenient for us. We do this now.
First, we recall a result about splitting of primes in a number field from [8].
Theorem 4.2. [8] Let K be a number field and let L and M be two extensions of K. Let
p be a prime ideal in the ring of integers of K. If p splits completely in both L and M ,
then p splits completely in the compositum field LM .
Using the above theorem, we characterize all the prime numbers in the set XK1 \XH(K1).
We note that, from Theorem 4.2, a prime p splits completely in K1 if and only if it splits
completely in Q(
√
q) as well as in Q(
√
kr). By the theory of decomposition of primes in
quadratic fields, we have:
A prime p splits completely in Q(
√
q) and in Q(
√
kr) iff
(
q
p
)
= 1 and
(
kr
p
)
= 1. (3)
Similarly, p 6∈ XH(K1) if and only if p does not split completely in at least one of the fields
Q(
√
q), Q(
√
k) or Q(
√
r). That is
(
q
p
)
= −1 or
(
k
p
)
= −1 or
(
r
p
)
= −1. (4)
Thus, combining the equations (3) and (4), we get
XK1 \XH(K1) =
{
p : p is prime and
(
q
p
)
= 1 and
(
k
p
)
=
(
r
p
)
= −1
}
(5)
We proceed for the proof now.
Let l = lcm(16, f(K1)) = lcm(16, 4qkr) = 16qkr. In order to apply Theorem (4.1), we are
required to find an integer u satisfying the condition (2) along with the following:
(i) gcd(u, 16qkr) = 1, (6)
(ii) gcd
(
u− 1
2
, 16qkr
)
= 1. (7)
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We note that the condition (ii) above is equivalent to the following simultaneous congru-
ences: 

u 6≡ 1 (mod q);
u 6≡ 1 (mod r);
u 6≡ 1 (mod k);
u 6≡ 1 (mod 4).
In other words, it suffices to find a prime number w ∈ XK1 \XH(K1) satisfying (5), (6) and
(7).
Here, we quote the following result due to P. Pollack [10] which will be of our help to prove
the existence of w.
Theorem 4.3. [10] Let p ≥ 5 be a prime number. Then there exists a prime number q < p
such that
(
q
p
)
= −1 and q ≡ 3 (mod 4).
Now we are ready to find our desired w. By the aforementioned Theorem (4.3), there exist
prime numbers p1, p2 and p3 with p1 < q, p2 < k, p3 < r and satisfying
(
p1
q
)
=
(p2
k
)
=
(p3
r
)
= −1 and p1, p2, p3 ≡ 3 (mod 4). (8)
Now, we look for a solution to the following system of simultaneous congruences.


x ≡ p1 (mod q);
x ≡ p2 (mod k);
x ≡ p3 (mod r);
x ≡ 3 (mod 4).
(9)
The Chinese remainder theorem guarantees a unique solution modulo 4qkr to the above
system congruences, say x0.
Since gcd(x0, 4qkr) = 1, by Dirichlet’s Theorem for primes in arithmetic progression, there
exist infinitely many prime numbers l′ satisfying l′ ≡ x0 (mod 4qkr). We pick such a prime
number l′ and call it w. We note that w satisfies conditions (i) and (ii) above. It remains
to check that w satisfies (5).
For that, using the law of quadratic reciprocity along with the facts q ≡ 3 (mod 4), k, r ≡ 1
(mod 4) and w ≡ 3 (mod 4), we get
( q
w
)
=
(
w
q
)
(−1)w−12 = −
(
w
q
)
= −
(
p1
q
)
= 1.
Also, (
k
w
)
=
(w
k
)
=
(p2
k
)
= −1
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and ( r
w
)
=
(w
r
)
=
(p3
r
)
= −1.
Thus, the prime number w satisfies the conditions (5), (6) and (7). Hence, for any prime
p satisfying p ≡ w (mod 4qkr), we have that f(℘|p) = 2. That is, p does not split
completeley in H(K1). Therefore, using lemma 3.4, we can say that p is not a principal
ideal and hence it will be a generator of ClK1. This will prove that K1 has an Euclidean
ideal class.
Proof of Theorem (1.6)
The proof is almost similar to that of the previous one. By following the argument given
above, (5) reads the following.
XK2 \XH(K2) =
{
s : s is prime and
(
2
s
)
= 1 and
(p
s
)
=
(q
s
)
= −1
}
(10)
In this case we have, l = lcm(16, f(K2)) = lcm(16, 8pq) = 16pq. So, we need to find
an integer u such that the following two conditions hold: (i) gcd(u, 16pq) = 1 and (ii)
gcd(u−1
2
, 16pq) = 1. Again, condition (ii) can be replaced by the following equivalent
conditions : u 6≡ 1 (mod p); u 6≡ 1 (mod q); and u 6≡ 1 (mod 4).
Again using the Theorem (4.3), we can choose prime numbers p1 ≡ 3 (mod 4) and p2 ≡ 3
(mod 4) such that
p1 < p, p2 < q and
(
p1
p
)
=
(
p2
q
)
= −1.
Let x0 be a unique solution (mod 8pq) to the system of congruences below.

x ≡ p1 (mod p);
x ≡ p2 (mod q);
x ≡ 7 (mod 8).
(11)
By Dirichlet’s theorem for primes in an arithmetic progression, there exist infinitely many
primes w satisfying w ≡ x0 (mod 8pq). We choose such a prime number w. Then(
2
w
)
= 1 since w ≡ 7 (mod 8).
Also, by the quadratic reciprocity law, we get( p
w
)
=
(
w
p
)
=
(
x0
p
)
=
(
p1
p
)
= −1.
and ( q
w
)
=
(
w
q
)
=
(
x0
q
)
=
(
p2
p
)
= −1.
We take u = w and clearly it fulfills all our requirements. This completes the proof.
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5. List of quartic fields and class numbers
There are numerous number of examples of quartic fields of the form K = Q(
√
q,
√
kr)
with class number 2. We list some quartic fields of our interest and its class number. The
authors have computed the class number of such fields using Sage.
(q, k, r) hK (q, k, r) hK (q, k, r) hK (q, k, r) hK (q, k, r) hK
(3, 5, 13) 2 (3, 5, 17) 2 (3, 5, 29) 8 (3, 5, 37) 2 (3, 5, 41) 4
(3, 5, 53) 4 (3, 5, 61) 4 (3, 5, 73) 4 (3, 5, 89) 4 (3, 5, 97) 4
(3, 5, 101) 8 (3, 5, 109) 4 (3, 5, 113) 2 (3, 5, 137) 6 (3, 5, 149) 4
(3, 5, 157) 6 (3, 5, 173) 4 (3, 5, 181) 8 (3, 5, 193) 4 (3, 5, 197) 12
(3, 5, 229) 4 (3, 13, 5) 2 (3, 13, 17) 4 (3, 13, 29) 4 (3, 13, 37) 4
(3, 13, 41) 6 (3, 13, 53) 8 (3, 13, 61) 16 (3, 13, 73) 4 (3, 13, 89) 2
(3, 13, 97) 4 (3, 13, 101) 4 (3, 13, 109) 8 (3, 13, 113) 4 (3, 13, 137) 2
(3, 13, 149) 6 (3, 13, 157) 8 (3, 13, 173) 4 (3, 13, 181) 8 (3, 13, 193) 4
(3, 13, 197) 2 (3, 13, 229) 8 (3, 17, 5) 2 (3, 17, 13) 4 (3, 17, 29) 2
(3, 17, 37) 2 (3, 17, 41) 12 (3, 17, 53) 12 (3, 17, 61) 2 (3, 17, 73) 4
(3, 17, 89) 4 (3, 17, 97) 4 (3, 17, 101) 4 (3, 17, 109) 2 (3, 17, 113) 4
(3, 17, 137) 4 (3, 17, 149) 8 (3, 17, 157) 8 (3, 17, 173) 6 (3, 17, 181) 2
(3, 17, 193) 12 (3, 17, 197) 2 (3, 17, 229) 4 (3, 29, 5) 8 (3, 29, 13) 4
(3, 29, 17) 2 (3, 29, 37) 2 (3, 29, 41) 2 (3, 29, 53) 4 (3, 29, 61) 2
(3, 29, 73) 4 (3, 29, 89) 6 (3, 29, 97) 4 (3, 29, 101) 4 (3, 29, 109) 4
(3, 29, 113) 2 (3, 29, 137) 6 (3, 29, 149) 20 (3, 29, 157) 2 (3, 29, 173) 6
Now, we list the class number of biquadratic fields of the form Q(
√
2,
√
pq).
(2, k, r) hK (2, k, r) hK (2, k, r) hK (2, k, r) hK (2, k, r) hK
(2, 5, 13) 4 (2, 5, 17) 2 (2, 5, 29) 4 (2, 5, 37) 2 (2, 5, 41) 4
(2, 5, 53) 4 (2, 5, 61) 2 (2, 5, 73) 6 (2, 5, 89) 4 (2, 5, 97) 2
(2, 5, 101) 4 (2, 5, 109) 6 (2, 5, 113) 4 (2, 5, 137) 4 (2, 5, 149) 2
(2, 5, 157) 6 (2, 5, 173) 2 (2, 5, 181) 4 (2, 5, 193) 2 (2, 5, 197) 12
(2, 5, 229) 4 (2, 13, 5) 4 (2, 13, 17) 4 (2, 13, 29) 2 (2, 13, 37) 2
(2, 13, 41) 4 (2, 13, 53) 4 (2, 13, 61) 4 (2, 13, 73) 2 (2, 13, 89) 2
(2, 13, 97) 2 (2, 13, 101) 8 (2, 13, 109) 2 (2, 13, 113) 4 (2, 13, 137) 4
(2, 13, 149) 6 (2, 13, 157) 2 (2, 13, 173) 4 (2, 13, 181) 6 (2, 13, 193) 2
(2, 13, 197) 2 (2, 13, 229) 12 (2, 17, 5) 2 (2, 17, 13) 4 (2, 17, 29) 2
(2, 17, 37) 2 (2, 17, 41) 12 (2, 17, 53) 4 (2, 17, 61) 2 (2, 17, 73) 4
(2, 17, 89) 8 (2, 17, 97) 8 (2, 17, 101) 4 (2, 17, 109) 6 (2, 17, 113) 4
(2, 17, 137) 8 (2, 17, 149) 8 (2, 17, 157) 8 (2, 17, 173) 6 (2, 17, 181) 2
(2, 17, 193) 24 (2, 17, 197) 2 (2, 17, 229) 16 (2, 29, 5) 4 (2, 29, 13) 2
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(q, k, r) hK (q, k, r) hK (q, k, r) hK (q, k, r) hK (q, k, r) hK
(2, 29, 17) 2 (2, 29, 37) 4 (2, 29, 41) 4 (2, 29, 53) 2 (2, 29, 61) 2
(2, 29, 73) 2 (2, 29, 89) 2 (2, 29, 97) 14 (2, 29, 101) 4 (2, 29, 109) 4
(2, 29, 113) 4 (2, 29, 137) 12 (2, 29, 149) 10 (2, 29, 157) 2 (2, 29, 173) 2
(2, 29, 181) 8 (2, 29, 193) 2 (2, 29, 197) 16 (2, 29, 229) 4 (2, 37, 5) 2
(2, 37, 13) 2 (2, 37, 17) 2 (2, 37, 29) 4 (2, 37, 41) 4 (2, 37, 53) 2
(2, 37, 61) 4 (2, 37, 73) 8 (2, 37, 89) 2 (2, 37, 97) 2 (2, 37, 101) 2
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